A new method of generating the Bessel functions and ratios of Bessel functions necessary for Mie calculations is presented. Accuracy is improved while eliminating the need for extended precision word lengths or large storage capability. The algorithm uses a new technique of evaluating continued fractions that starts at the beginning rather than the tail and has a built-in error check. The continued fraction representations for both spherical Bessel functions and ratios of Bessel functions of consecutive order are presented.
Introduction
The Bessel functions of real argument and the ratios of Bessel functions of complex argument are needed for Mie calculations of scattering and absorption. Many Mie calculation schemes have a weakness in their complex Bessel function algorithms that can lead to large errors especially in the calculation of absorption coefficients. Although this weakness is well documented,1-3 no positive steps to solve it have been universally employed. The problem is made more acute by the recent demands for more accurate absorption coefficients and wider particle size ranges. Methods such as the forward recursion in jn (Z)), forward recursion in yn (z), backward recursion in jn (z), and forward recursion in jn(Z)/in-i (Z) may not be reliable even in double precision arithmetic. The scheme presented here solves the instability of the generation of Bessel functions of complex argument and is not machine word length dependent.
Background
The ratios of Bessel functions of complex argument and consecutive orders of Bessel functions of real argument are required for the Mie calculation. Following Deirmendjian' in(Z)= (7rz/2)1hJn+ij,(z), ( 
1)
and
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where n + 1/2 = v, z = mx is complex, and x is real.
Since the generation of the An (z) values poses the essential difficulty, their generation will be considered first.
Ordinarily the Bessel functions themselves are generated, and the required ratio is taken. The most common method of generating the Bessel functions is by forward recursion in J(z).
Unfortunately the forward recursion is very susceptible to error in at least four cases: (1) when the argument is small 4 ; (2) when the argument is large requiring a large number of orders,1; (3) when the imaginary value is larger than the real value; and (4) for the certain anomalous values. The use of forward recursions to generate the consecutive orders of Bessel functions is a classic example of unstable numerical methods, 5 and it will not be considered further here. There are many other algorithms for generating the required Bessel functions and ratios, but most are variations on the Miller backward recursion scheme, 7 which uses approximate starting values for the two initial high orders. Accuracy actually improves with the backward recursions if the modulus of the functions grows several orders of magnitude from high order to low order. In some cases the growth of the functions will exceed the size of the exponent that can be handled, and the initial values themselves may exceed this limit for only moderate values of complex argument. In backward recursion techniques, all the orders must be computed and stored before the actual Mie series is computed. This may cause occasional problems in small computers of limited storage. The Miller algorithm may be improved by using the new method to generate accurate initial Bessel functions or ratios that will reduce the storage requirements and allow a check of the values at any order.
Continued Fraction Method
The new method of generating the An (z) is based on the continued fraction representation of the ratio of Bessel functions Ju(z)/J,-,(z).
Tables of spheri- 
Unlike the actual functions, the ratios of Bessel functions do not grow beyond manageable bounds. Since the initial high order A. (z) may determine the accuracy of all the lower orders, the new technique is advantageous for the starting ratio. In order to simplify the notation, the stairlike continued fraction will be written as follows:
The continued fraction representation for the ratio of Bessel functions of complex order and argument is given by Lentz 8 as
+ -2(v + 3)zT +
Note that the + signs in the denominator denote an addition in the denominator as per a typical continued fraction. The ratio rather than the individual Bessel function is given, so the value of An (z) for a given n is completely independent of all the preceding n's. In fact, as the value of n increases, the number of terms necessary for convergence decreases making the higher n values more accurate rather than less accurate. Thus, the essential divergence in the recursion relation is eliminated, and all the An (z) are independent of the preceding or succeeding values.
There are many ways to evaluate a continued fraction, and each method has different error propagation. 9 It is worth considering the particular method used in this case carefully since it is easy to reintroduce the error that is eliminated by the continued fraction. The continued fraction for the ratio of Bessel functions of consecutive order is derived from the recursion relation for Bessel functions, and some techniques of evaluation essentially change the continued fraction back into a recursion relation. One such example is the forward A-B method shown in Blanch' 0 and Gautschill and illustrated in Abramowitz et al. ' 2 This particular method has less accuracy than most other methods of evaluation, and the A and B tend to grow without bounds causing overflow in the computer. A new method of evaluation that uses a built-in check for convergence and error removal will be presented.
Let us define a notation for the continued fraction Note that the order of terms has been reversed so that one evaluates beginning with a rather than an unknown value an. Each numerator and denominator is generated from the preceding one by taking the reciprocal and adding the next an. When the particular nth numerator and denominator are identical to the number of digits desired, the calculation can be terminated. In addition to the an generated for each numerator and denominator, the current numerator, denominator, and running product must be stored. This should not result in an excessive number of variables to be stored in most computers.
For clarification the following sample calculation is included for the real argument x = 1.0 and order v = 9.5: break down for any values and is more stable than the forward recursion method.
Initial Values
The Bessel functions of real or complex argument rather than the ratios can be generated by multiplying the preceding ratios by an initial high or low order. A convenient general method of generating the zeroth order or highest order is from the following continued fraction: 
This value is identical to the handbook value.' 2 Complex arguments generally speed convergence significantly.
Algorithm Improvement
In the rare cases in which a particular value [am, .... , a] might be zero to the accuracy of the computer, an error might occur if the subroutine does not include provision to bypass this step. This possible error can be eliminated by the following. Let In fact, an improvement in accuracy can be achieved by using the preceding any time a common number of digits cancel to reduce accuracy in the generation of . Figure 1 shows the values of A, (z) generated by a single precision forward recursion of jn(Z), a double precision forward recursion of j (z), and the continued fraction method as evaluated above. It can be seen that the continued fraction method does not (13) The terms of this formula may be reduced to the form of Eq. (6) where the c,, are chosen such that cial = 1, Clc 2 a 2 = 1 so c = (1/a), C2 = 1/(cla 2 ). We may perform the algebra before computation to obtain the following: As k = 1,2,3,..., we generate two consecutive values of a for each value of k. Equation (12) is quite general, and although the Bessel functions of complex order are not needed in Mie calculations, they could be generated if the gamma function of complex argument can be generated accurately. Since the above formula was derived from the series representation for the Bessel functions, it is more slowly converging than the ratio continued fraction that is derived from the recursion relations. Therefore, some caution must be used for large arguments unless a large order value is computed.
y,, Error
The yn(z) can best be generated by the cross product formula for spherical Bessel functions, Eq. Although the y,,(z) of complex argu-ment are not needed for Mie calculations, this method will produce more accurate Yn(Z) than a forward recursion in Yn(Z). Therefore, if one attempts to work the above backward by computing the Yn(Z) through a forward recursion to obtain the required jn (z), the instability in the forward recursion of Yn (Z) for complex argument may lead to reduced accuracy.
Ultimately the forward recursion in Yn (Z) is stable, but there are practical limits besides the growth of the modulus of Yn(Z) which curb the usefulness of forward recursions. As n increases, occasionally the magnitude of Yn(Z) may decrease more orders of magnitude than there are significant digits in the computer. Even though all accuracy is lost for a while, the forward recursion will eventually return to the correct values. A very small dip of this type is found at the 19th order of 10-lOi and a larger dip beyond the 99th order of 100-lOOi. Since these dips occur within the range of values that might be used in Mie calculations, one can obtain better accuracy by avoiding the instability in the forward recursion of yn (z). There is no difficulty, however, in using the forward recursion to obtain the yn (x) of real argument necessary for Mie calculations, since the real values do not produce decreasing modulus with increasing order.
Accuracy
The new method will generally be independent of the word length of the computer insofar as roundoff error can be ignored. Aoo(z) has been calculated on a six-digit machine to three places by the continued fraction technique, whereas only about Ajo(z) has any meaning at all for this accuracy in forward recursions. Longer word lengths simply give more accuracy, so double precision can be avoided without serious errors.
The tables of spherical Bessel functions of complex argument, which use the same general technique, have been checked by a twenty-four digit machine and found to be accurate to eight places. These tables can be used to check the above method on specific computers that might handle complex division poorly.
Summary
The new continued fraction method of computing the An(z) enables one to compute each An(z) completely independently of all the preceding or succeeding orders to high accuracy. The algorithm has a built-in termination and error check and starts from the front rather than the tail of the fraction. This method eliminates many weaknesses in previous algorithms such as the forward recursion in jn (z), the forward recursion on y,,(z), the backward recursion in jn (z) 
